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Aritmetik Islem nedir?

Aritmetik; sayilar arasindaki iliskiler ile sayilarin problem ¢ézmede kullanimi ile ilgilenen
matematigin daldir. Aritmetik kavrami ile genellikle sayilar teorisi, 6lcme ve hesaplama
(toplama, cikarma, carpma, bolme, Gs alma, kok alma, logaritma, trigonometri) kastedilir.

Aritmetik sistemler, islem yapilan sayilarin tlrine gore cesitlenir. Tam sayi aritmetigi sadece
pozitif ve negatif dogal sayilar ile yapilan hesaplamalari icerirken, rasyonel sayi aritmetigi,
tam sayilar arasindaki kesirlerle yapilan islemleri kapsar. Reel sayi aritmetigi, rasyonel ve

irrasyonel sayilarin her ikisiyle yapilan hesaplamalari barindirir ve tam bir sayi dogrusunu
kapsar.

Sistemlerin ayrimi, kullanilan sayi sistemine gore de yapilir. Ondalik aritmetik, en yaygin
kullanilan sistemdir ve sayilari ifade etmek icin 0'dan 9'a kadar olan temel rakamlari ve bu
rakamlarin kombinasyonlarini kullanir. Ote yandan, cogunlukla bilgisayarlar tarafindan
kullanilan ikili aritmetik, sayilari O ve 1 rakamlarinin kombinasyonlari olarak temsil eder. Bazi
aritmetik sistemler ise sayilardan farkli sembol gésterimleri Gizerinde islem yapar.



Aritmetik islemlerde kullanilan temel birimler

Temel birimler kullanilmalidir. Aritmetik islemlerde birimler ayni olmak zorundadir,
* Saniye

«  Gram, Kgram Aritmetik islemler yapilirken temel birimler g6z 6nine alinir.

* Metre L o

«  Hertz (Hz=1/Saniye) Ornegin, f=10GHz, d=10km ise f*d="

e  Watt 10*10=100 dediniz mi! yandiniz.

. Derece, sicaklik Yapilmasi gereken, f=10Ghz=10*109Hz, d=10km=10*10"3m; 10710

Ornek: Vo=5V, Vi=3mV. Aritmetik islemlerde Birimler ayni
olmak zorundadir, Vo=5*1023 mV, Vi=3mV



Soru

Asagidaki 4 ile 9 arasindaki sorulari,
X(t)=75Sin(2m900000000t+60) analog sinyalinde
X(t)=ASin(wt+g)

grad=gdeg * /180

w=2nf ise

T=1/f=2n/w

denklemleri kullanarak ¢6ziiniiz.

genlik kac¢ birimdir? 75

frekans ka¢c GHz? 1 000 000 000Hz=1GHz

faz kac derecedir? 60

faz kac radyan? mn/3

peryod, T ka¢ saniyedir? 1/1 000 000 000=10"-9saniye
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17 Equations That Changed the World
by lan Stewart

Pythagoras’s Theorem

Logarithms

Calculus

Law of Gravity

The Square Root of
Minus One

Euler’s Formula for
Polyhedra

Normal Distribution

a*+ b =c*

logzy = logx + logy

afi . J(t+ k) — f(t)
— = lim — :
dt  r=0 h
F = (;HI]:N-}

' it
i° = —1
V-E+F=2

l { )

‘l'(.l‘] == '—‘—('hm-

Pythagoras, 530 BC

Jolin Napier, 1610

Newton, 1668

Newton, 1687

Euler. 1750

Euler. 1751

C.F. Gauss, 1810
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14.

Wave Equation

Fourier Transform

Navier-Stokes
Equation

Maxwell’s Equations

Second Law of
Thermodynamics

Relativity

Schrodinger’s
Equation

Information Theory

Chaos Theory

Black-Scholes
Equation
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f(w) — / f(-.r)e"'z"'“dr
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(-5{ + V- Vv) =~Vp+V-T+f

VE—_ V:H=
VXE"—‘-E V x
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dS >0

>
E=mc

th —)-

c)l = HW

=~ _plx)logp(x)
Ttsl = kxe(1 ~ -l't)

2 ¢ a7
.l 2573;2 rs:;—‘;T + % V=0

J. d'Almbert, 1746

J. Fourier, 1822

C. Navier, G. Stokes. 1845

J.C. Maxwell, 1865

L. Boltzmann, 1874

Einstein, 1905

E. Schrodinger, 1927

C. Shannon, 1949

Robert May, 1975

F. Black, M. Scholes, 1990
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Trigonometric Identities



Trigonometric Identities

. ol b itiGwe i _ 1 _je_  _-je
sin@ — 2].(6 e ) cos 8 = 2(6 +e ')
e’® = cosO+ jsin 6
sin(@+ &) = sinBcos o + cosPsino cos(O+ x) = cosBOcoso— sinfsino
sin @sino = %(cos(@—-a)— cos(6+ &x)) cos Bcosox = %(COS(Q + o) + cos(6 — o))
sinBcos o = %(sin(6+ o) + sin(6 — @))
sin’@+ cos’6 = 1 cos’0 —sin“60 = cos280
sin” @ = %(1— cos?2 6) cos’ 0 = %(1+ cos?2 6)
e ) e sin 8

cos 6




Trigonometric Formula

cos” A +sin? A =1
5in2A = 2sin Acos A

sin(A + B) =sinAcosB + cos AsinB

cos(A+B)=cosAcosBTsinAsinB

tan A +tan B

tan(A £ B) = 1FtanAtanB
sind +sinB = 2sin +BCDSA_B
2 2
sind —sinB = ZCDSA;_BSil‘LA_B
A+ B A—B
cos A +cosB = 2cos + COS
2 2
CDSA—CDSB:—ESil“LA_Z'_BSil‘LA;E

sec A —tan®A =1

cos2A = cos® A — sin® A

cos AcosB =

sinAsinB =

sinAcosB =

cos’ A =

. ¥
sin“ A =

cos” A =

sin" A =

cosec’ A —cot’ A =1
2tan A

tan24 = — -
1—tan A

cos(A + B) + cos(A — B)

2

cos(A — B) — cos(A + B)

2

sin(A + B) + sin(A — B)
2

1+ cos2A
2
1 —cos2A
2
3cos A + cos3A
4

3sindA —sin34
4




90° < a < 180°
cosa <0

sinc >0

1

(x, y)
(+, +)

0" <0 <90

cosO > 0

sind = 0

. Bolge

3.B

180° < p < 270°

olge

sinf <0

ix )
=)

cosfi<0

O

(X ¥)
(+.-)

270° < ¢ < 360°

cosh > 0

sinp < 0

Y

4. Bolge

0° | 30° 45° 60° aQ-
sin 0 l —2 —3 1
2 2 2
cos 1 E —2 l 0
2 2 2
an |0 | | 1 J3 | Tanimsiz

sin|'/£— 8\~"= cos8
2 ]

sir||'/£—E]I ]= cosH
2

-6

Ccos =sinb

-~ -,

A

+6 |=-sinB

o
o
L

n a3
—

sin(m—0)=sin6
sin(rt+0)=-sinB
cos(m—-0)=-cosH
cos(m+0)=-cosB

Sine and Cosine Addition and Subtraction Formulas
sin(a+b) =sinacosb +cosasinb
sinfa—b)=sinacosb—cosasinb
cos(a+b)=cosacosb—sinasinb

cos(a—b)=cosacosb+sinasinb

COSY = % (" +e ™)
sinx = % (f?” — f?_”)




Complexs Numbers



Form of Complex Number

Imaginary AXis

> (X,Y)
Z = X+1y /Z
i=v-1 /
o

Rectangular to Polar:
L \/ 2 2

X =Fr CcOos & =X +Yy

Y =rsing@

4

@ = ang(z) = tan~

12



Kompleks Duzlemde Analog Sinyal

Kompleks siyallerde faz bileseni cok 6nemlidir.
Z=rexp(jO)=rcos(0)+jrSin(0); faz acisi

Z(t)=rexp(jwt)= rcos(wt)+jrSin(wt); frekans ve zaman
Z(t)=rexp(jwt+j0)= rcos(wt+0)+jrSin(wt+06)

Kararhlik analizinde reel kisim goz 6nine alinir, rcos(wt+6)



Soru

o Z=rexp(jB)=r*e® =rcosB+Jrsin®

Burada r: Genlik, © ise radyan
cinsinden faz acisini verir.

gdeg=¢rad *180/ nt
J*¥)=-1
Z=j10exp(jm/2) ifadesinde

30° 45° 60° o0 180° | 270° | 360°
| 1142 | 8B
sin > 5 5 0 0
cos B2 L 0 4 0 y
2 2 2
fan Lg 1 | V3 0 0
cot 12 ‘/g 1 [2_ 0 animsiz 0 Tanmmsiz




Sorunun Cozumu

Genlik degeri nedir?

10

Radyan olarak faz acisinin degeri nedir?

/2

Derece olarak faz acisinin degeri nedir?

90deg.

Z ifadesini, Z=a+jb cinsinden yaziniz.

Z=j10*(Cos(90)+jsin(90))

Bir 6nceki buldugunuz degeri kullanarak Z ifadesini sadelestiriniz.
Z=j10*j=-10



Complex Numbers

*A few operations with complex numbers were used earlier in the text and it was assumed
that the reader had some basic knowledge of the subject. The subject will now be
approached from a broader perspective and many of the operations will be developed in
detail. To deal with Fourier analysis, complex number operations are required.

°In a sense, complex numbers are two-dimensional vectors. In fact, some of the basic
arithmetic operations such as addition and subtraction are the same as those that could be
performed with the spatial vector forms of Chapter 14 in two dimensions. However, once
the process of multiplication is reached, the theory of complex number operations diverges
significantly from that of spatial vectors.

16



Rectangular Coordinate System

*The development begins with the two-
dimensional rectangular coordinate system shown
on the next slide. The two axes are labeled as x and
y. In complex variable theory, the x-axis is called
the real axis and the y-axis is called the imaginary
axis. An imaginary number is based on the

definition that follows. j = ~/—1

17



Complex Plane

y

Imaginary AXis

18



Form of Complex Number

Z=X+1y

Imaginary AXis

19



Conversion Between Forms
Polar to Rectangular:
X =Fr COS @

Y =rsing

Rectangular to Polar:
r=/x2+y?

O = ang(z) = tan~

1 Y
X

20



Euler’s Formula
e'” =cos@+isiné
Z=rcos@-+I1rsin@ =r(cos@ +1sin H)
z =re'’
Common Engineering Notation:

re' (1 r-6

21



Example. Convert the following complex number
to polar form:

Z=4-+13
r=\/x2+y2 =\/(4)2+(3)2 =5

O = tan_lg — 36.87° = 0.6435 rad

Zz =5_-36.87° Or

7 — Sei0.6435

22



Example. Convert the following complex number
to polar form:

Z =—4+13
r = \/xz + y°© = \/(—4)2 +(3)° =5
O = tan* [i] —180° — tanlg

=180" —36.87° =143.13° = 2.498 rad

7 — Sel 2.498

23



Example. Convert the following complex number
to rectangular form:

z = 4e'?
X =4cos2 =-—-1.6646
Y =4sINn2 =3.6372
Zz =—1.6646 +13.6372



Example. Convert the following complex number to
rectangular form:

z =10e™
X =10cos(—1) =5.4030
y =10sin(—1) = —8.4147

z =5.4030—18.4147



Addition of Two Complex Numbers

Z, = X +1y;
Z, = X; +1Y;
Zsum — Zl + Z2
= X, +1y; + X, + 1Y,
=X + X, +1(Y, + Y>)
A geometric interpretation of addition is
shown on the next slide.

26



Addition of Two Complex Numbers

Imaginary AXis

27



Subtraction of Two Complex Numbers

Z, =X + 1y,
Z, = X; +1Y;
Zaite — £1 ~ 4>
= X, +1y; — (X, +1Y,)
= X, — X, +1(Y; — Y2)
A geometric interpretation of subtraction
IS shown on the next slide.

28



Subtraction of Two Complex Numbers

Imaginary AXxis

29



Example. Determine the sum of the following
complex numbers:

Z, =5+13
zZ, =2—17
Zsum :Zl_l_zz

=54+13+2—17
= 7 —14



Example. For the numbers that follow,
determine z = 7,-7,.
Z, =5+13
zZ, =2—17
Zaitf — £1 4>
=5+13—(2—17)
=3+110

31



Multiplication in Polar Form

o io
z, = re'“

o 1z
Z, =r,e'"
Z =Zz.Z,

prod
io io
(rle 1)(r2e 2)

16, +6,)
rr,e' tmre

32



Division in Polar Form

|
iy
(D
S

Zl
z, =r,e'’

2
io
Z, (rle 1)

Z, (rzei‘gz )

33



Multiplication in Rectangular Form
Z, = X + iyl
Z, = X, + 1Y,
Zprod — (Xl —+ iyl)(xz -+ iyz)
= XX, +1X Y, +iX, ¥, +1°Y,1Y,

Z rod = X X — V1Y, 11X Y, + X,¥,)

34



Complex Conjugate
Start with
Z =X~+1iy = re'’
T he complex conjugate iIs
Z=X—1y =re '
The product of z and Z 1Is

(2)(Z) = x* +y? =r*

35



Division in Rectangular Form

£, XY,

y A— —
div -
Z2 X2 + |y2

__ (Xl + iyl)(xz - iyz)
(Xz —+ iyz)(xz o iyz)
XX + Y Y, + i(X2 Y1 — lez)

Zdiv

2 2
X2 + Y5

X1 X V1Y, + i(X2y1 - lez)

r.2

36



Example. Determine the product of the following
2 complex numbers:

Zl _ 8€i2 22 _ Se—i0.7
z, =2z,z, =(8e'?)(5e %" )= 40e™?
z, =40(cosl1l.3+1sIn1.3)

— 40(0.2675 + i0.9636)
—10.70 + i38.54

37



Example. Repeat previous example using
rectangular forms.
z, =8e'> =8(cos2+isin2)
— 8(—0.4162 +i0.9093) = —3.329+i7.274
z, =5e'%" =5(c0s0.7 —isin0.7)
= 5(0.7648 —i10.6442) = 3.824 —i3.221
z, =2z2,Zz, =(—3.329+17.274)(3.824 —13.221)
= —12.73+23.43+1(27.82+10.72)
—=10.70+i38.54

38



Example. Determine the quotient Zz,/z, for the
following 2 numbers:

z, = 8e'? z, =5e "%’
12
Z4 —_ Zl — 8?“)7 :1-6ei2.7
Z, oe T
z, =1.6(cos2.7+1sSIN2.7)
=1.6(—0.9041+10.4274)

= —1.447 +10.6838

39



Example. Repeat previous example using
rectangular forms.

, — 2z, _—8.829+i7.274
oz, 3.824 —i3.221

, _ (=38.329+i7.274) (3.824 +i3.221)
* (3.824 —i3.221) (3.824 +i3.221)

~12.73—-23.43+i(27.82—-10.72)

14.62 +10.37

_ 3610+ 1L720 _ 3 446+i0.6840

25.00

40



Exponentiation of Complex Numbers: Integer Power

—_— N
Zpower T (Z)
1\ N N ~IN&
Z oower = (re’”)" =r-e’
—=rN cosN@+ir" sin N&
cos N@ = Re(e™?)

sin N@ = Im(e'"™?)

41



Z

roots

roots

Roots of Complex Numbers

7 — r.el (O+27Nn)

i (O-+27n) )1/N _ /N Gi(8/N+22n/N)

=(re

O 2N
_I_

— rl"\'ei['\' N j forn=0,1,2...., N —1

1/N Q167 N

Z =TI e

principal

42



Example. For the value of z below, determine z, = z°.

— (Sei0.9273)6 _ 15’ 625ei5.5638

z, =15, 625(COS 5.5638 +I1sIn 5.5638)
=11, 753 —110, 296

43



Example. Determine the 4 roots of s*+ 1 = 0.

S4 _ _1 _ 1ei(72'—|—272'n)

| 7T 272']
—_ n_

S = e[ 4 for n=0,1,2,3
S, =€ 2 = 0.7071+10.7071

s,=e 4 =—0.7071+i0.7071
s,=e * =—-0.7071—i0.7071
s,=e 4 =0.7071—i0.7071

44



IVIAILAb CompliexX Number Operations: entering In
Rectangular Form

>>7=3+4j

o7 =

e 3.0000 + 4.0000i

*>>7=3+4j

o7 =

e 3.0000 + 4.0000i

*The i or j may precede the value, but the multiplication symbol (*) is required.

45



MATLAB Complex Number Operations: Entering in

Polar Form

>>z = 5*exp(0.9273i)

z = 3.0000 + 4.0000i

>> 7z = 5*exp((pi/180)*53.13i)
z =3.0000 + 4.0000i

This result indicates that polar to rectangular conversion occurs automatically upon entering the
number in polar form.

46



MATLAB Rectangular to Polar Conversion

>>z7=3+4j

z = 3.0000 + 4.0000i
>>r = abs(z)

r=>5

>> theta = angle(z)
theta= 0.9273

47



Other MATLAB Operations

>>z_conj = conj(z)
z_conj= 3.0000 - 4.0000i
>>real(z)

ans= 3

>> imag(z)

ans= 4

48



Complex numbers

Complex numbers provide a compact way of describing

Imi(z)
amplitude and phase (and the operations that affect Y » V)
them, such as filtering) | Re
Complex number z — x + jy (x andy real—valuedj — —1. )
e = cos@+jsin @
M Imaginary axis
= |E| = A" I2+}"2,

----------- =a+bh

6 = arg(z) = tan ! Y
x

Zlsing

(7] |z|::056'i

Real axis




Kompleks sayinin ustel bicimi

« Z =cos(Q) + jsin(Q)
dz

20 = —sin(Q) + jcos(Q)
+ 22 = j(cos(Q) + jsin(Q))
. Z_g =jZ
.+ Z=jdo
- [ =jfde
e InZ =j0Q



nh & W N

S © ® N o

-
~

W — W2
Z+w=Z+Ww
W= 27w
PR
\;\-Z\\; |\-'
2=2

z| = |Z|

w| = |z||w]

Complex Numbers Properties

2+ w| < [2] + |w]

5 1 g

- ~|2

when z % 0+ 0i

z=a+biand w=c+di.
Imaginary unit number:

Complex numbers addition:

Complex numbers multiplication:

Complex conjugate:

Modulus of a complex number:

Euler’s formula:

Polar form:

Periodicity of complex numbers:

i=+—1

(a+bi)+ (c+di)=(a+c)+i(b+d)

(a+bi)(c+di) = (ac — bd) +i(ad + bc)

1

r— g — bi

Fa

Iz| = V7Z =V a? + b2

¢® — cos@ +isin@

i

z=|z

027 if
e €




The Complex Number System

Another definitions and Notations:
It is the extension of the real number system via closure under exponentiation.

_ c = a+ bi
I =~/-1 (ceCabeR
Th (49 : 29 R&[C] — a
€ 1maginary 4 +i
unit IVVI/[C] =Db bl..... .C
(Complex) conjugate: _ S S
c* = (a + bi)* = (a — bi) \ “Real” axis
Magnitude or absolute value: _\ “Imaginary”
axis

|c|?=c*c=a%*+b?

c|=+/c’c =./(a—bi)(a+bi) =+a?+b?



Properties of the polar form

z = |z]€® and w = |w|e™

0 i — oi(0+9) — 7 — (|z]€'®) (|w]e?) = \an-’|€f(9+¢)

()" = ¢ for any number 7 (i.e., n could be complex!)

9 S R

1 . :
e\—1 _ ,—if
From the above property = ) = ()" =e!
|€."9| . E,.r—é} 0010 — ,i(6—0) _ ,0 _ 1
00 — ,—i0

VRS

Since 2% = cos (£27) 4 isin (£27) = 1, then ¢/(0+27) — (0 . o327 _ 0



Complex Numbers

* A complex number X 18 of the form:

x = a+ jb, where j = V-1

a: real part, b: imaginary part

NG (a + jb) +(c+ jd)=(a+c)+ j(b+d)
+ Multiplication (a+ jb) . (c+ jd) = (ac—bd) + j(ad + bc)




Complex Numbers

* Multiplication using magnitude-phase representation

Xy = |x|e ) |ye/®0) = |x] |y| /@0

* Complex conjugate [BalERvE—g;)

* Properties




Complex Numbers

* Euler’s formula eI cos(0) £ jsin(8)

€7%| = \/cos?(8) + sin’(6) = |

sin(0)

- (9)) = tan~' (tan(0)) = +6

o(e*?) = tan™' (¢

* Properties sin(6) = Hi (p]® — %)
2]

1 |
cos(0) = 5 (e’ +e77%)




omplex Numbers

* Magnitude-Phase (1.¢.,vector) representation

Magnitude: Bk Va2 + b2

#(x) = tan ! (b/a)

Imaginary

- Phase — Magnitude notation:

e

X = |X




Complex numbers

A complex number Z = €C is of the form a,b = €R where Z = a + ib and i?=-1
Polar representation Z = Ue'?, where U,0 €R

» With U =Va? + b? the modulus or magnitude

* And the phase 6 = arctan(b/a); a ve b’nin isaretlerine
bakilarak acinin hangi duzlemde oldugu belirlenir (a,b):(+,+),(-

)+)1 ('1-)1 (+1-)'
Complex conjugate
Z = U(cos@ + isin@) = Ue'®

Z*=(a+ib)'=Ue % = U(cosh —isind) = a — ib



The Complex Number System

* Itis the extension of the real number system via closure under exponentiation.

i =+/-1 C=a-+Dbi (ceCabeR
The “imaginary” Relc]=a
unit Im[c]l=b
:C
 (Complex) conjugate: _ d .+
c* = (a + bi)* = (a — bi “Real” axis
* Magnitude or absolute value: _]\
|c|? = c*c = a’+b? “Imaginary”

c|=+/c’c = /(a—bi)(@a+bi) =+a?+b? axis



Complex Exponentiation

* Powers of i are complex units: b
_ o +i eul
e” =cos@+isine /{
Note: —1 ............................ "i':+1
em/2 = i i
em. 1 21=2 emi
. _ 212 =(2 e mi)*2=2"2 (e mi)*"2=4 (e i )"2 =4 e"2Ti
e3TC | /2 i I



Review of complex exponential
geometric series is used repeatedly to simplify expressions.

— 1— x"
E X" =14+ X4+ X% +...+xN?T =
Nn=0 1— X

> if the magnitude of x is less than one, then

= 1
n: , 1
gx < x| <

The geometric series is often a complex exponential variable of the form ek, where

J= V-1




Waves
V3 1

-Er'4'zil

m/

1507, 307

1R0° -
360°

210°

270°



Ornek

What's the polar form of z = 5 — 5i7 We first need to find the

modulus of z, which is given by:

2=/ + (=5

=/50

The argument is given by:

5
6 = arctan (—_)
-5

= arctan(—1)

4 4

Since the the real part of z is positive and its imaginary is negative,



Soru

Z=Aexp(j0)=A*el® =AcosB+Jsind

Burada A: Genlik, O ise radyan
cinsinden faz acisini verir.

gdeg=¢rad *180/ nt
J*¥J=-1
Z=j10exp(jrt/2) ifadesinde

0° 30° 45° e0° 90" | 180° | 270° | 360°
y 1 2 | B
) —_ i S 1 -
sin 0 > 5 5 0 1 0
os| 1 | B |2 | Lo | 4] of 1
CcO 5 > 2
tan 0 [g— 1 Jg Tanim 0 0
cot animsiz ‘/5 1 £§ 0 Tanimsi 0 Tanmms




Sorunun Cozumu

Genlik degeri nedir?

10

Radyan olarak faz acisinin degeri nedir?

/2

Derece olarak faz acisinin degeri nedir?

90deg.

Z ifadesini, Z=a+jb cinsinden yaziniz.

Z=j10*(Cos(90)+jsin(90))

Bir 6nceki buldugunuz degeri kullanarak Z ifadesini sadelestiriniz.
Z=j10*j=-10



Exponential Function

66



Exponential Functions




Exponential Function

The function defined by is called an exponential function with base b and exponent x.

The domain of fis the set of all real numbers.

7 (x)=>0n" (h >0, 42=#1)
The exponential function with base 2 is the function with domain (— o0, o).
The values of Ax) for selected values of x follow:

~
~
~
[l
|9
—

3
A~
’JJ
~"
[l
[ =
[
s



Laws of Exponents

* Let a and b be positive numbers and let x and y be
real numbers. Then,

7

- 9 = N
1 ¢

h i
2 —_— = 8)

h-




Examples

«  Sketch the graph of the exponential function f(x) = 2*.
Solution
*  Now, consider a few values for x:

5 4 -3 -2 -1

/32 1/i16 1/8 1/4 1/2

e e — T I T o o e TS T e==

— There is a horizontal
asymptote at y = 0.

*  Furthermore, 2¥ increases without bound when x increases
without bound.

Thus, the range of fis the interval (0, ).

fi) = 2

A



Properties of Exponential Functions

e The exponential function y =b* (b>0, b #1) has the following properties:
1.1ts domain is (— o0, ).

ts range is (0, o).

Its graph passes through the point (0, 1)

It is continuous on (— oo, ).

At is increasing on (—o, ) if b>1 and
decreasing on (—o, ) if b< 1.

o B W N



The Base e

Exponential functions to the base e, where e is an irrational number whose value is 2.7182818..., play an important
role in both theoretical and applied problems.

. It can be shown that

e=I1lim (1+ ij
m-—>oo m




Examples

Sketch the graph of the exponential function f(x) = e*.

Solution

Sketching the graph:

|
(,D

|
(D

fix) = e

A



Examples

»  Sketch the graph of the exponential function f(x) =e™.
Solution
* Sincee”>0itfollowsthat0<1/e<1andso
fix) =e™=1/e*=(1/e)* is an exponential function with base less than 1.
* Therefore, it has a graph similar to that of y = (1/2)
*  Consider a few values for x:

— 3 — 2 —1 1 2 3

20.09 7.39 2.12 0.37 0.14 0.05




Examples

Sketch the graph of the exponential function f(x) =e™.

Solution

Sketching the graph:



)

/—\A\\xfg

/W./Mx
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Exponential Logarithmic Functions

* Solve the equation 2e**2=5.
Solution
* Divide both sides of the equation by 2 to obtain:

* Take the natural logarithm of each side of the equation and solve:

Ine** =1In2.5
(X+2)Ine=1In2.5

X+2=In2.5
X=—-2+1In25
X ~—1.08

e  Properties relating e*and In x: &nx = X (x> 0)

In &= x (for any real number Xx)



Logarithms

 We've discussed exponential equations of the form
y = bX (b>0,b%1)
 But what about solving the same equation for y?
* You may recall that y is called the logarithm of x to the base b, and is denoted log,x.
— Logarithm of x to the base b
y=logx ifandonlyif x=b" (x>0)
log,x = 4 implies x = 3% = 81.



Examples
* Solve log 8 =3 for x:

Solution

* By definition, we see that log,8 = 3 is equivalent to

8 =23=x3
X =2



Logarithms

 Exponential equations of the form
y = bX (b>0,b#1)
* The logarithm of x to the base b, and is denoted log,x.
 Logarithm of x to the base b
y=logx ifandonlyif x=b (x>0)

|Og X= Ioglo X Common logarithm

|n X - |Oge X Natural logarithm

y=log, x ise x=0bY



Laws of Logarithms

* |f mand n are positive numbers, then

log, mn =log, m+ log, n

m
log. — =log. m—1log. n
bn b b

log, m" = nlog, m
log,1=0
log, b=1

Logl1=0, Log 2=0.3,Log3=0.5 Log5=0.7, Log 7=0.8, Logl0=1



Examples

* Given thatlog 2 =0.3010, log3=0.4771, and log 5 =
0.6990, use the laws of logarithms to find

= log3+log5

~ 04771+ 0.6990
=1.1761




Logarithmic Function

* The function defined by

f (x) =log, x (b>0, b=1)

is called the logarithmic function with base
e The domain of isthe set of all positive numbers.



Properties of Logarithmic Functions

* The logarithmic function
y = log,x (b>0, b#1)
has the following properties:
1. Itsdomainis (0, o).
Its range is (— oo, o).
Its graph passes through the point (1, 0).
It is continuous on (0, o).

It is increasing on (0, ) if b>1 and decreasing
on (0, ) if b < 1.

e WD



Example

the graph of the function
Solution
* We first sketch the graph of

» The required graph is the /
mirror image of the graph
of y = * with respect to the
line y = x:

A



Properties Relating
Exponential and Logarithmic Functions

* Properties relating e¥and In x:
enx = x (x > 0)

In e¥=x (for any real number x)
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= ] L

1> 8l

=3
2

—_—=

_—=

h
E.]
R

sinx)

COSI)

n—-1

COs X

—SINX

where ¢ 1s a constant

where 7 1s any real number

for x>0

Differentiation
’ 'y —
(uv)' = u'v + uv', (E) _ Hu—HT
] o Dz
(HE_,}T._H‘J — Mg 4 ””[rr—l,'ﬂf__'lj 4.4 "Cr”["—riﬂf._ﬂ 4. HUIZ_H‘_.
where "C, = ) = !
" \r) T ol (n—r)!
d . d , .
—(sinx) = cosx —(sinhx) = coshux
X ' dx '
d d
—(cosx) = —sinx —(coshx) = sinhx
3, cosX) E (c )
E{tanx] = sec’x E{l‘anhx] = sech® x
d d
—(secx) —secxtanx —(sechx) = —sechxtanhx
dx dx ’
d 2 d 2
—(cotx) = — cosec-x —(cothx) = —cosech™ x
X ' dx '
—(cosecx) = — cosecx cotx —(cosechx) = — cosechx cothx
dx ’ dx :



Turevin Yorumu

Birinci Turev

Birinci ve ikinci tirevlerinin verdigi bilgilerden f’(x) veya df/dx olarak yazilan f(x) fonksiyonunun ilk
turevi, x noktasindaki teget cizgisi fonksiyonun egimidir.

Grafik olmayan terimlerle ifade etmek gerekirse, ilk tirev bize bir fonksiyonun nasil arttigini veya
azaldigini ve ne kadar artacagini veya azalacagini soyler.

Pozitif egim bize x arttikca f(x)'nin de arttigini soyler. Negatif egim bize x arttikca f(x)’in azaldigini
soyler. Sifir egim bize 6zel bir sey sdylemez: fonksiyon o noktada artar, ne azalir veya yerel
maksimumda veya yerel minimumda olabilir.

Turevler acisindan bu bilgileri yazarken sunu goriyoruz:

d};(p) > 0, ise f(x), x = p’de artan bir fonksiyondur.
d];;p) < 0, ise f(x), x = p’de azalan bir fonksiyondur.
af(p)

——= =0, ise ozaman x = p, f (x)'in kritik noktasi olarak adlandirilir ve x(p)’deki f (x) 'nin davranisi
fiklnda yorum yapilamaz.



Turevin Yorumu

Ikinci TUrev

2
Bir fonksiyonun ikinci tirevi, " (x) veya — a7 > olarak yazilr. Ik tiirev bize fonksiyonun

arttigini veya azaldigini sdylese de, |k|nC| turev

2
Xx=p'de ddf(p) >0 ise, f(x), x = p'de yukari dogru kavislidir.
2
Xx=p'de dj;(zp) <0 ise, f(x), x = p'de asagi dogru kavislidir.
2
Xx=p'de dd];(f) =0 ise, o zaman f(x) 'in x = p'deki davranisi hakkinda bir yorum

yapamiyoruz.

Birinci tirevin anlamindan x, f(x) fonksiyonunun kritik bir noktasi oldugunda, o noktada
fonksiyonun davranisi hakkinda bir yorum yapabilmek icin, x’in bolgesel maksimum veya
bolgesel minimum oldugunu 6grenmek icin genellikle islevin ikinci ttrevi kullanilir.
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n+1

/-x”dx:x +c
. n—+1

1

/—dx =Inx +c
J x
/- ™ dx :le‘”+c
. a

/-lnx dy =x(Inx —1)+c¢

/xe”dx: e™ (f—l,,) +c
. il as

-f;l
/ u dv = uv
Ja

! ! r u !
(uv)' =u'v+uv', (—) =

/ sinxdx = —cosx+c

/cosx dx =sinx+c

J'Exdx=£'x
1
de=_ ax
J'E aE
J'b ix_ahl(b)b b=0
J']n(x}d.x=x]n(x}—x
J'axhl(.-:;s).-ix =a” ;a=0

Dirac é-"function’
1 = .
S(t—1)= ﬂl/_mexp}w(t —7)] da.
If f(t) is an arbitrary function of ¢ then /m S(t—T)f(t) dt = f(T).

5(F) = 0if t £ 0, also / S(H) df =1



Exponential and Logarithmics Equaations

Properties of Exponential and Logarithmic Equations

Let a be a positive real number such that a # 1, and let x and y be real numbers. Then the following properties are

true:
1. a*=a” ifandonlyif x =y In(Zx —3) =1In11 Original Equation
2. loggx =log,y ifandonlyif x=y (x>0, y>0) 2x —3 =11  Property of logarithmic equations

Inverse Properties of Exponents and Logarithms

2x = 14 Add 3 to both sides

Base a Natural Base e
1. log,(a¥) = x In(e*) = x x=7 Divide both sides by 2
2. qllogax) — 4 ellnx) —
5+ e**1 =20 Original Equation 5+ e**1 =20 Original Equation
4*+2 = 64 Original Equation e**1 =15 Subtract5 from both sides 5+ e1798+1 L 50 Substitute 1.708 for x
AX+2Z — 43 Rewrite with like bases Ine**! = 1n15 Take the logarithm of both sides 5 1 2708 2 20 Simplify
. . : : . x+1=In15 Inverse Property 5 ~ 3 i
x+2=3 Property of exponential equations 7 per 5+14.999 = 20 Solution checks ¥

) x=—1+1In15 = 1.708 Subtract 1 from both sides
X =" Subtract 2 from both sides



Exponential and Logarithmics Equaations

25 =7 Original Equation

2* =7 Original Equation
log2* =log7 Take the logarithm of both sides log; 2* = log; 7 Take the logarithm of both sides
x=log, 7 Inverse Property

x(log 2) = log7 Property of Logarithms
= 087 2.807 Change of Base Formula

log 2

= loe7 2.807 Solve forx
log 2

4*=3 =9 Original Equation

4*3=09 Original Equation
log, 43 = log, 9 Take the logarithm of both sides

log4*=* = log9 Take the logarithm of both sides
(x—3)1og4 = log9 Property of Logarithms x—3 =log,9 Inverse Property

log9 - )
x—3= ::ij Divide both sides by log 4 x—-3= o3 Change of Base Formula

x=3+ log 9 = 4,585 Solve tor x

_ loge e
x=3+ ogs = 4585 Solve for x log 4




Series

Binomial expansion

n(n — l}xz n n(n—1)(n — 2}x3

21 EY L

(1+4+x)"=1+nx+

If n is a positive integer the series terminates and is valid for all x: the term in x" is "C,x" or (”) where "C, =

n! "
rin —r)!
n objects without replacement. When n is not a positive integer, the series does not terminate: the infinite series is
convergent for |x| < 1.

is the number of different ways in which an unordered sample of r objects can be selected from a set of

Taylor and Maclaurin Series

If y(x) is well-behaved in the vicinity of x = a then it has a Taylor series,
dy w?d?y  u3d3
y(x) = yla+u) _y(a}-i—ua-i—iw t3ige T
where u = x — a and the differential coefficients are evaluated at x — 4. A Maclaurin series is a Taylor series with
a=20,
dy x*d%y 2 d%y

=y(0) +x=F o F o e
YO =yO) +r @+ i Tarae T
Power series with real variables
xZ x"
e’ :1+x+§+---+—l+--- valid for all x
! n!
2 3 "
In(1+x) :x—%-l—%-i—----l—(—l}"”x—-l—--- valid for —1 < x <1
H
el¥ 4 g ix xE x-‘l xﬁ
CO8 X = =l—-=4+——-——=+-... valid for all values of x
2 21 4! 6!
X _ L—ix 3 5
sinx = % =x — % + % + o valid for all values of x
tanx —x+1x3+ 2x5+ valid for -2 < x < =
a 3 15 2 2
® X
tan lx :x—g-i—?—--- valid for —1 < x <1
. 1x*  1.3x° .
sin 'x :x-l——x——l-—x——l—--- valid for —1 < x < 1



Series

Integer series

N(N+1)

N
Yn =1+2+43++N=——

1
N(N +1)(2N + 1)

N
Snt=1 422437 ... £ N =

1 6
N 2 2
2”3:13+23+33+---+N3=:1+2+3+...N]1:—N {N:”
oo 1\Jrrl 1 1 1
; —E‘FE—E‘F---—IHZ
] 1\Jrrl_ 1 1 1 m
;En—l B _§+E_E+' 4
=1 1 1 1 e
;”—2 l+1+5+tE T =%
I.‘d 3
Yun+1)(n+2)=123+234+-- -+ N(N+1)(N+2) = N(N+11(N4+2)(N+ )
1

This last result is a special case of the more general formula,

;f?{f?+1}(f?+2)...{f?—|—r}_ e -
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Gunlik dilde “limit” kelimesi bir miktar, bir fikir ya da herhangi bir seyin 6tesine gecemeyecegi sinirlari
tanimlamak icin kullanilir. Ornegin, hiz siniri size yasal olarak izin verilen maksimum hizi ve kredi kart

limitiniz kullanabileceginiz maksimum bakiyeyi bildirir. Bu iki 6rnek de Ust sinirlari temsil etmektedir.
Limit, elbette alt sinirlar icin de gecerlidir. Mesela, bir kredi almak icin gerekli minimum kredi puani.

Matematikte, limit kavrami bir acidan yukaridaki 6rneklerle benzer fakat tam olarak ayni diyemeyiz. Limit,
bir sinira gittikce yakinlastigimizda ne oldugu hakkinda konusmak icin kullanildiginda aynidir. Fakat,
minimum veya maksimum degerlerle ilgili olmak zorunda olmadigi icin de farklidir. Bunun yerine,
matematikte limit fikri ve ele alinan sinirlarin tirt cok daha soyut olabilir.



Ornek olarak 1/2" ifadesinde n’ e gittikce artan tam sayilar verdigimizde olusan sayilar dizisini alalim.
Diger bir deyisle n=1, n=2, n=3, n=4 ... oldugunda ifadenin alacagi degerleri inceleyelim.

Kisa bir hesaplama ile dizimizdeki sayilarin 1/2, 1/4, 1/8, 1/16 ... seklinde olacagini goririz.

Buradaki soru; n’ in cok daha blyuk degerlerinde bunu yapmaya devam ederseniz dizi hangi sayiya
yaklasacaktir?

Diger bir deyisle n sonsuza giderken dizi asla ulasamasa bile hangi sayiya yaklasacak?

Bu durumda cevabin gorilmesi oldukca kolay: n arttikca dizideki sayilarin degeri gittikce kiictlir. n” in
sonsuz buyuklukteki degerlerinin limitinde dizi sifira yaklasir.

Hicbir zaman sifira ulasmaz, ama istediginiz kadar yaklasir. Gordiigliintiz gibi buradaki limit fikri bir onceki
geometrik ornegimizden oldukca farkli duruyor. Fakat farkli gortinseler bile ikisinin de kalbinde sinirlara
yaklasma konusunda ayni soyut fikir yatiyor.



Belirsizlik

E Belirsizlik Hali

C e . : ) . g : U 1 1 .. . -
Bu belirsizlik halinde de L™ Hospital Kurali gecerlidir. Zira — =— —:— biciminde yazilabilir. Bu
1’ U
oo . e ... O T
durumda — belirsizligi 5 belirsizlige déniistir.
[ 8]

e (.x Belirsizlik Hali

~
~

R DAL i . o | oo > a7iv S
U. vV = =+ esithg yardinmuyla 0.2 belirsizlig S veya — haline getirilebilir.
- (o o)
v



Belirsizlik

e - Belirsizlik Hali

11
g : PIRTE T 0 C . . e e 1 e
Bu belirsizlik hali. 4 — v = 5% esitligi vardinuyla 5 belirsizlik haline déniistiirebilir.

uv

e 0°x°1” Belirsizlik Halleri

x sonlu bir degere veya +w degerlerine yaklastiginda y = [u(x)]¥™*) bigimindeki fonksiyonlar bu
belirsizlik hallerinden birini verebilir. Bu durumda her iki tarafin logaritmasi alinarak

Iny = v(x)In u(x)

esitligi elde edilir. Sagdaki ifadenin limiti. 0.90 belirsizligine sahip olur. Bu limiti bilinen yolla
hesaplanur.

limlny = A ise limy = e? olur.
x—a x—a’



0/0 hal,

. 2x%-5x-3 0
e lim = —
x—3 X%4+x—-12 0

* Pay ve paydanin ayrik turevi alinir.
4x—=5 7 _

e lim =—-=1
x—3 2x+1 7




Example — Dividing Out Technique

. « e 0/0 ciktigi icin pay ve paydanin ayri ayri tlirevi
o
Find the limit. alindiginda (2x+1)/1=(-6+1)/1=-5

) X2 + x — 6
Iim
x—> —3 x + 3




Definition of Limit of a Function

Suppose that the function f(x) is defined for all values of x near a, but not necessarily at a.
If as x approaches a (without actually attaining the value a), f(x) approaches the number L,

then we say that L is the limit of f(x) as x approaches a, and write

lim f (x) = L

X—>a

(x,f(x))

No matter how x approaches a, f(x) approaches L.




Properties of Limits and Direct Substitution

By combining the basic limits with the following operations, you can find limits for a wide variety of functions.

Properties of Limits

Let b and ¢ be real numbers, let n be a positive integer, and let f and g be
functions with the following limits.

lim f(x) = L and lim g(x) = K

1. Scalar multiple: lim [6f(x)] = bL

2. Sum or difference: lim [ f(x) = glx)] = L =+ K
3. Product: lim [ f(x)g(x)] = LK

4. Quotient: Iim M _ L K # 0O

X—>c g(x) a K’

5. Power: lim [ f(x)]? = L
X—>C




Properties of Limits and Direct Substitution

The following summarizes the results of using direct
substitution to evaluate limits of polynomial and rational functions.

Limits of Polynomial and Rational Functions
1. If p is a polynomial function and c is a real number, then
lim p(x) = p(c).

2. If r is a rational function r(x) = p(x)/g(x), and c¢ is a real number such that
g(c) # 0, then

. _ _ plo)
112}4 r(x) = r(c) = J(0)




Theorem

Suppose that lim f(z) = M and lim g(z) = N. Then

L=+l I—H1

lim (f(z) + g(z)) = M + N

L—ril

lim (f(z) — g(z)) = M — N

r—ril

lim (f(z)g(z)) = MN

I—rd

1m(ﬂﬂ) £ (if N £ 0)

r—a g{;;[r]l ?

lim f(z)* = M* (if M,k > 0).
il



Possible Limit Situations

a

lim f (x) = L

X—> a

lim f (x) = DNE

X—> a

DNE = Does Not Exist



Left & Right Hand Limits

lim f (x)

X—>a

lim f (x)

X—>a




Definition: One Sided Limits

Left-Hand Limit: The limit of f as x approaches a from the left equals L is denoted

lim f(x) =L

X—>a

Right-Hand Limit: The limit of f as x approaches a from the right equals L is denoted

lim f(x) =L

X—> a™



Evaluating Limits Graphically
Limits that do not exist

f(x) increases or decreases without bound as x approaches c.

This function is undefined at x = 3, because the
denominator goes to zero. It can not be simplified, so
there is a vertical asymptote at x = 3.

Approaching 3 from the right, f(x) increases without
bound.

Approaching 3 from the left, f(x) decreases without
bound.

Iim f(x) =dne
X—>3

When the function increases or decreases without bound, the limit does not exist.



Possible Limit Situations

‘_\“ f A L‘ f

RN
v ’ T
Im f (X) = —o0 )[I_I’)T!1 f (xX) = DNE

DNE = Does Not Exist



THE SUM LAW

The limit of a sum is the sum

of the limits.

lim[ £ () +g(O)] =lim f(x) +lim g (x)



THE DIFFERENCE LAW

The limit of a difference is
the difference of the limits.

lim[ f () —g()[=Ilim f (x) —lim g(x)



THE CONSTANT MULTIPLE LAW

The limit of a constant times
a function is the constant times
the limit of the function.

lim|[cf (xX)|=clim f (x)

X—>a X—>a



THE PRODUCT LAW

The limit of a product is
the product of the limits.

lim[ f (x)g()] =1lim f(x)-lim g(x)

X—>a X—>a



THE QUOTIENT LAW

The limit of a quotient is the quotient
of the limits (provided that the limit of
the denominator is not 0).

lim f
lim GO _ O i tim g(x) = 0
X—>a g(x) !(|_r>2 g(x) X—>a




THE POWER LAW

If we use the Product Law repeatedly
with f(x) = g(x), we obtain the Power

Law.

6.lim[ f (x)] =] lim

X—>a | xXx—a

where n is a positive integer

f(x)




USING THE LIMIT LAWS

In applying these six limit laws, we
need to use two special limits.

7. 1lmc =_c

X—>a

S.lim Xx

X—>a

=  These limits are obvious from an intuitive point of view.
= State them in words or draw graphs of y=cand y = x.



USING THE LIMIT LAWS
If we now put f(x) = x in the Power Law
and use Law 8, we get another useful

special limit.

O.limM x" = a"

X—>a

where n is a positive integer.



Finding a Limit at Infinity

5_¢, 1 lim 5-7-lim = + lim -~
Iim 5X2 —/X+1 :Iim X X2 ||m 5X2—7X‘|‘1_ X—>00 X—00 X X—o X2
X—>00 2 X—>0o0 1 5 X—»00 2 B . . . l
2XT 4+ X+5 2+ —+— X"+ X+5 lim 2+ 1im E+5oI|m—2
X X X—>00 Xx—00 X Xx—0 X
lims— .+ 1 °-0+0_5
_ X X X2 :2 0 O_E
= — 1 = +0+
Iim 2+ —+ —
X—>o0 X X

lim(S—g)ZlimS—limi2 =5—0 =5,

X—Co x—oo X



Limits at Infinity

3 2
S x) = X2 )—CI— 1
lim f(x) = 3

Iim
X—Co

f)

Fx) — 3
a5 X — —oo

1
—4 -3 -2 1

The limit of f(x) as x approaches — oo

or oo is 3.

2z [ﬁ_ﬂ = 1'
xc+1
/,
_//\
— > x
-2 -1 1 2
lim f(x) =0 lim f(x) =0
X— —oo X—3oo

f has a horizontal

asymptote at y = 0.
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Ozumin ugrasisi bir kivilcim gakmaktir.

Sorular?

Contact me at:
cahitkarakus@gmail.com
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